In the Activity Based Modeling (ABM) approach, an activity pattern is specifically assigned to each individual in a household. In this way, one of the fundamental steps in the ABM approach is to project the socio-economic characteristics of all household members while considering some marginal constraints available for the whole of population which is known as population synthesizing. In the current paper, the household characteristics distribution is defined as the probability of having a household with a particular size, number of students and workers. The main goal of current research is to statistically fit the household characteristics distribution of the population to a previously obtained distribution for sample households in a way which satisfies the marginal constraints in traffic zones. It is also followed to solve two main issues in most previous research on population synthesis, one of them is related to the so called "zero cell" and the other is known as the "Integrality" problem. Similarity between characteristics distributions of the sample and all households can be achieved by using Maximum Likelihood Estimation (MLE) with the marginal constraints.
Introduction
Many newly developed travel demand modeling systems such as Travel/Activity Scheduler for Household Agents (TASHA) (Roorda et al., 2007) , Comprehensive Econometric Microsimulator for Daily Activity-travel Patterns (CEMDAP) (Bhat et al., 2004) , implemented activity-based modeling in Jakarta (Yagi and Mohammadian, 2006) , DAYSIM (Bradley and Bowman, 2006) , Coordinated Travel Regional Activity Modeling Platform (CTRAMP) (Davidson et al., 2010 and Vovsha et al., 2011) and Simulator of Activities, Greenhouse Emissions, Networks, and Travel (SimAGENT) (Goulias et al., 2011) , highly depend on the individual and household level socioeconomic data. These data are being used as an input to the travel and activity generation process of these models. Household and individual activity decisions heavily depend on all their socioeconomic characteristics (Khan et al., 2012) . Meanwhile, micro-simulation procedures require disaggregate demographic data which are not usually available at a zonal level, due to privacy limitations. Therefore population synthesis methods, which generate (synthesize) a complete or nearly complete listing of households with their individual and household level attributes that nearly comply with given marginal data, have been gaining favor in recent years.
The pioneer work of Beckman et al. (1996) is the first study devoted to population synthesis. Many conventional methods of population synthesis are based on the original work of Beckman et al. (1996) . This method uses the Iterative Proportional Fitting (IPF) previously used in other fields (Deming and Stephan, 1940) , to fit the multi-dimensional distribution of sub-regions to fit the marginal totals. It is assumed in the IPF that the correlation structure of the zones is similar to the correlation structure of the regions to which they belong. IPF has been also implemented in the TRansportation ANalysis and SIMulation System (TRANSIMS) (Weiner and Ducca, 1999) population synthesis module.
As the original IPF method didn't consider the individual characteristics and only used household data to fit the population, Guo and Bhat (2007) proposed an alternative IPF method which also controls the individual level marginal. Similarly, Arentze et al. (2007) and Ye et al. (2009) have proposed methods to fit both individual and household data. In an attempt to fit more attributes, Pritchard and Miller (2008) proposed the IPF with a sparse listbased data structure.
Many population synthesis methods have been implemented into software packages some of the most important ones include; TRANSIMS, PopGen , TRansportation and Environment Strategy Impact Simulator (TRESIS) (Ton and Hensher, 2001 ) and CEMDAP among others.
There are two main issues in the most previous research on population synthesis, one of them is related to the so called "zero cell" and the other is known as the "Integrality" problem. The method presented in this paper aims to reduce both these problems. Meanwhile, IPF methods assumed a similar covariance structure between zones which might not necessarily exist. Each of these issues will be discussed in this paper.
The rest of the paper is organized as follows; the methodology presented in this paper is given in section two. In section three the proposed method will be applied to the city of Mashhad and finally section four concludes the paper.
Methodology
The "zero cell" problem arises as many household or individual types might not exist in the initial multi-dimensional table. These tables are usually based on a sample of household (Such as Public Use Microdata Sample (PUMS) data or Origin Destination (OD) surveys) which contains the information of about 5% of households in the region. Obviously, this sample does not contain household and individual types with low probability of occurrence. IPF does not have the ability to deal with this problem and the most widely used method implemented to solve the problem is to add a very small number to those cells. This method has been shown to be inefficient by Beckman et al. (1996) . In this paper two measures have been considered to deal with the zero cell problem: 1) aggregation 2) probabilistic view. The first method (aggregation) used all the samples in the region to match regional marginal distributions. The use of all the data in the sample reduces the probability of zero cells. In the second approach the problem has been formulated as a maximum likelihood problem in which the probability of each household in the region is estimated for each sub-region. These two mechanisms could be used in order to reduce the zero cell problem. It should be mentioned that the previous methods of dealing with the zero cell issue could be also used in conjunction with the Maximum Likelihood Estimation (MLE) method proposed in this paper.
The problem of interest is to find a multi-dimensional probability matrix, F , which consists of the probability of each attribute combination. For attribute set , which contains both the household and the individual level attributes, denoted by , the subset of attributes are resulted by the omission of attributes r and s. For each d-dimensional attribute set ⊂ , denote by , the marginal probability of the d attributes, , has been conditioned on . In the proposed model, each city or region is divided into |k| mutually exclusive and collectively exhaustive sub-regions with unknown marginal distributions. Then the first step is to estimate the marginal distribution of each attribute pair = r, s in the sub-region. A Maximum Likelihood Estimation (MLE) procedure has been proposed in this paper to find the distribution of each attribute pair as in Problem 1:
This problem should be solved for each attribute pair (r,s). In the above problem: G , r, s = the number of observations (r,s) in region k, which could be obtained from micro data or from OD surveys. E , s and E , r = the expected value of attribute s and r conditioned on X and X respectively. k and k = the expected marginal number of individual or households with attribute r and s respectively.
It should be mentioned that the probabilities of interest in this problem are all discrete probabilities and thus the expectations could be easily calculated by summation. It is worth mentioning that for instance if s is assumed to be the number of students in the household, ' ( is the expected number of students in each household in sub-region k, which could be obtained from census data.
Then, all attribute combination of interest should by computed using higher order combinations. In general terms problem 1 could be reformulated as in Problem 2. is the total marginal number of @ Q in zone i which is located in the sub-region k. By the use of the above mentioned model the probabilities for each zone will be computed. It is worth mentioning that in some realistic applications, the marginal totals may not exactly fit to the observations (in the first set of constraints). In these cases a small noise could be used to relax the constraints and to allow for a small error in estimation. This noise was considered in the case study applied in this paper. The noise level was 0.001 in the city of Mashhad.
The integrality issue could be circumvented by the used of integer variables. Problem number 3 could be solved in terms of number of individuals or households in the sub-regions and TAZs instead of the probability and solved by an integer programming technique. This method completely resolves the integrality problem of IPF methods. It is also worth mentioning that the mathematical programming framework given in this paper offers a high level of flexibility in the model. Many constraints and attributes could be incorporated in the model. These constraints could be used to balance both household and individual level attributes to any number and type of constraint, upon the modeler's request.
Based on the methodology presented in this section the Population Synthesis Algorithm (PSA) could be summarized as follows in section 2.1.
Solution Algorithm
• Step 1: Input the sample household data, the marginal total number of attributes in each sub-region and zone.
• Step 2: Compute the marginal probabilities in each sub-region by solving problem 2, respectively for each 2, 3, ..., n combinations of attributes.
• Step 3: Compute the probabilities for each zone using the marginal probabilities computed in step 2 and by solving Problem 3.
• Step 4: Use a Monte Carlo Simulation routine to assign sample households to each zone.
The solution algorithm has been also shown in the flowchart given in Figure 1 for clarity. It should be realized that step 2 is repeated for all combinations of attributes. Although Problem 2 is a linear programming problem, increasing the number of control attributes could increase the burden of the computations. For instance for a problem with 5 control attributes step 2 should be repeated ∑ 
Case Study
The proposed Algorithm has been applied to the city of Mashhad in Iran. The city has about 2.4 million inhibitions and 639,195 households. It has been divided into 13 sub-regions and 253 TAZs. The model has been implemented as a part of Mashhad's comprehensive traffic studies. As the individual level data were not accurate in Mashhad, the synthesis has been only applied to the synthesis of household level characteristics. Household size, number of students and workers in each household has been used as the control variable in the synthetic population. Thus, the multi-dimensional attribute matrix is a three dimensional matrix in this study. Each dimension is assigned to a different attribute. The second step of PSA was solved four times; three times for each two dimensional probability and once for the three dimensional probability. The two dimensional probabilities include (Size, Student), (Size, Worker) and (Student, Worker) and the three dimensional probability is (Size, Student, Worker). The problem has been solved using the GAMS software package.
The result of applying the fourth step of PSA to the sub-regions is given in Figures 2, 3 , 4. Figure 2 shows the percent distribution of the sample, synthetic population and real data in all 13 sub-regions. As can be seen, although the sample distribution differs from reality the synthesized data perfectly match the real data in the sub-regions. The same analysis has been performed on the number of households in the sub-regions in Figure 3 . After fitting the sub-regional data and computation of their probability distributions, the zonal attributes should be computed. Figure 5 shows the accuracy of the fitted data in each zone to the attributes under consideration. Obviously the control data have shown a good fit to the marginal totals in each zone.
In order to validate the proposed model the household size distribution, which has been treated as an uncontrolled variable in this study has been used. Figure 6 shows the distribution of household in the city both in the synthetic and real population.
In order to test for validity four different tests has been used. The first two tests are parametric test which assume normality in the distributions. Using the correlation test, the correlation between the two set is 0.995 which is highly significant. By testing for the differences using the t-test, the computed t is equal to 0 which again suggests the equality of the two data with high level of significance. The other two tests are nonparametric test. The Wilcoxon Signed Ranks Test was first used. The asymptotic two tail significance level of the test is 0.721 which highly recommends a correlation (>>0.05) and the other test is the Sign Test which showed a significance 0.344 (>>0.05) that also shows a high level of significance. 
Conclusion
In this paper an operations research based method has been proposed for population synthesis. The method has been applied to the city of Mashhad and has exhibited promising results. The accuracy of the proposed model has been evaluated by the use of an uncontrolled attribute, for which statistical testing has proven its accuracy. The statistical test has shown a highly significant correlation between the synthetic and real population. The method needs some modification which could reduce its computational efficiency which has been left for future research. This paper did not give any recommendation on the last step, which is the Monte Carlo simulation method used previously in many studies and has been applied in this study as well. The use of Spatial Statistics is also an ongoing research which is being undertaken by the authors. This is because Monte Carlo Simulation gives an identical weight to all households and does not consider the socio-economic similarity between the residents living close to each other. Real Population
